Introduction
The purpose of this note is to show how one can use multiplier ideals to establish e ective uniform bounds on the multiplicative behavior of certain families of ideal sheaves on a smooth algebraic variety. In particular, we prove a quick but rather surprising result concerning the symbolic powers of radical ideals on such a variety.
Let X be a non-singular quasi-projective variety de ned over the complex numbers C, and let Z X be a reduced subscheme of X. 1 Denote by q = I Z O X the ideal sheaf of Z, so that q is a sheaf of radical ideals. We shall be concerned with the symbolic powers q It is evident that q m q (m) , but in general of course the inclusion is strict. However Swanson 15] established (in a much less restrictive setting) that there exists an integer k = k(Z) depending on Z such that q (km) q m for all m 2 N:
On geometric grounds this already seems somewhat striking since membership in the symbolic power on the left is tested at general smooth points of Z, whereas the actual power on the right re ects also its singular points. So one's rst guess might be that the worse the singularities of Z, the larger one will have to take the factor k(Z) to be. Surprisingly enough this is not the case, and in fact one has a uniform statement depending only on the codimension of Z:
Theorem A. Assume that every component of Z has codimension e in X. Then Research of the third author partially supported by NSF Grant DMS 96-25308. 1 All of our results are local in nature, so there is no loss in taking X to be an a ne variety. In this In particular, if dim X = n then q (mn) q m for every radical ideal q O X and every natural number m 1. One can see the Theorem as providing further con rmation of Huneke's philosophy 8] that there are unexpected uniform bounds lurking in commutative algebra.
Theorem A is a very simple application of the theory of multiplier ideals. In commutative algebra these were introduced by Lipman 13] in connection with the Brian conSkoda theorem. 2 More general constructions, which we use here, have in the meantime become extremely important in the study of higher dimensional algebraic varieties. In brief, we consider families a = fa k g of ideals a k O X | such as the symbolic powers In the case of symbolic powers it is elementary to check that J (kq (e) k) q, so Theorem A follows from the \abstract" Theorem B. As another application, we establish a result (Theorem 2.5) rendering e ective and extending in certain directions a theorem of Izumi 9] , 7] dealing with ideals arising from a valuation.
We have been guided by the viewpoint that the families fa k g share some of the behavior of the linear series jkDj associated to multiples of a divisor D on a projective variety, and that one can try to adapt geometric tools to the present setting. We hope that these and other ideas from higher dimensional complex geometry will nd further algebraic applications in the future. Going in the other direction, Hochster and Huneke inform us that they have used the theory of tight closure to reprove and generalize the results of the present paper dealing with symbolic powers. This illustrates once again the close but somewhat mysterious connections between tight closure methods and the more geometric outlook appearing here.
Our exposition is organized into two sections. In the rst, we construct the multiplier ideals we use and establish their basic properties. The applications are given in x2.
We are grateful to Mel Hochster and Craig Huneke for valuable discussions and encouragement. We also wish to record our debt to the work of Irena Swanson and her collaborators, through which we learned of many of the questions discussed here.
Graded Families and Multiplier Ideals
In this section we construct the multiplier ideals we require, and give their basic properties. Quick overviews of the general theory of multiplier ideals appear in 4] and 3], x1, and a survey of some of the applications in algebraic geometry is given in 2]. The forthcoming book 11] will contain a detailed exposition, which in the meantime can be found in the lecture notes 12]. In particular, 12] contains full proofs of all the facts about multiplier ideals quoted in the following paragraphs.
Let X be a non-singular complex quasi-projective variety, and a O X a non-zero ideal sheaf on X. A log resolution of a is a projective birational map : X 0 ?! X, with X 0 non-singular, such that a O X 0 = O X 0 (?F ) for an e ective Cartier divisor F on X with the property that the sum of F and the exceptional divisor of has simple normal crossing support. Such resolutions can be construced by resolving the singularities of the blow-up of a. We write K X 0 =X = K X 0 ? K X for the relative canonical divisor of X 0 over X.
Given a rational number c > 0, the multiplier ideal associated to c and a is de ned by xing a log resolution as above, and setting
Here cF is viewed as an e ective Q-divisor, and its integer part c F] is de ned by taking the integral part of the coe cient of each of its components. The fact that J (c a) is indeed an ideal follows from the observation that J (c a)
important point is that this de nition is independent of the log resolution .
It follows immediately from the de nition that if c 2 N, then J (c a) = J (a c ). This being so, we sometimes prefer to use \exponential notation" J (a c ) for the multiplier ideal J (c a) for an arbitrary rational number c > 0. Note that we are not trying to attach any actual meaning to the expression c a or a c when c is non-integral. Nonetheless, the possibility of being able to work with rational coe cients is critical in applications. To avoid unnecessary complications, we assume also that a k 6 = (0) for k 0.
Note that if we set A 0 = O X , then condition (4) is equivalent to the statement that k 0 a k is a graded O X -algebra. The asymptotic constructions that follow are particularly useful in case this algebra is not nitely generated (or at least not known to be so). This determines a graded family a f g which also reduces to the symbolic powers fq (k) g when a = q is radical.
We now construct the asymptotic multiplier ideal associated to a graded family a . Proof. This is an immediate consequence of Proposition 1.7, which implies that
The rst application is to symbolic powers: Theorem 2.2. Let X be a smooth complex variety, and Z X a reduced subscheme all of whose irreducible components have codimension e in X. Put q = I Z , and x an integer` e. Then . However the forthcoming paper 6] gives some statements valid also on singular ambient spaces.
We conclude with a result which renders e ective and extends in certain directions a formulation due to H ubl and Swanson ( 7] , (1.4)) of a theorem of Izumi 9 
